The semi-direct product of arbitrary two monoids and a presentation for this product have received considerable attention, see for instance [12] , [14] and [15] . In [15] , Wang defined a trivialiser set of the Squier complex associated with this presentation. In this paper, as a main result, we discuss necessary and sufficient conditions for the standard presentation of the semi-direct product of any two monoids to be p-Cockcroft for any prime p or 0. Finally we present some applications of this main theorem.
Introduction
A monoid presentation
is a pair where y is a set (the generating symbols) and each S ∈ s (a relation) is an ordered pair (S + , S − ), where S + and S − are distinct, positive words on x. We remark that one of S + , S − may be the empty positive word. It usually writes S : S + = S − . Also it is said that P is finite if y and s are both finite. One can define a monoid M (P) which is associated with P (in fact M (P) is the quotient of F (y) by the smallest congruence generated by s where F (y) is the free monoid on y). If W is a word on y then [W ] M denotes the element of M (P). Throught this paper the notation M will be used instead of M (P).
Let Γ be a graph associated with P (called Squier graph) which is defined as follows.
The vertices are the elements of F (y) and the edges are the 4-tuples e = (U, S, ε, V )
where U, V ∈ F (y), S ∈ s and ε = ±1. The inital, terminal and inversion functions for an edge e as above are given by ι(e) = U S ε V , τ (e) = U S −ε V and e −1 = (U, S, −ε, V ).
There is an equivalance relation ( [9] ) on paths in Γ. Then Γ with this relation on paths, is called the Squier complex of P and denoted by D(P) (see, for example, in [9] , [10] , [13] ).
The elements of D(P) can be represented by geometric configurations, called spherical monoid pictures. These are described in detail in [9] , [10] and we refer the reader these for details. Also, as described in [9] , there are certain operations on spherical monoid pictures. Suppose Y is a collection of spherical monoid pictures over P. Then, by [9] , one can define an additional operation on spherical pictures. Allowing this addtional operation leads to the notion of equivalence (rel Y) of spherical pictures. Then, by [10, Theorem5.1], we say that Y is a trivialiser of D(P) if and only if every spherical monoid picture is equivalent to an empty picture (rel Y). Some examples and the details of the trivialiser can be found in [2] , [4] , [7] , [10] , [13] and [15] .
For any monoid picture P over P and for any S ∈ s, exp S (P) denotes the exponent sum of S in P which is the number of positive discs labelled by S + , minus the number of negative discs labelled by S − . Moreover, for y ∈ y, L y (S) denotes the length of S with respect to y. Definition 1.1 Let P be as in (1) and let n be a non-negative integer. Then P is said to be n-Cockcroft if exp S (P) ≡ 0(mod n), (where congruence (mod 0) is taken to be equality) for all S ∈ s and for all spherical pictures P over P. A monoid M is said to be n-Cockcroft if it admits an n-Cockcroft presentation.
We remark that to verify the n-Cockcroft property holds, it is enough to check for pictures P ∈ Y, where Y is a set of generating pictures (see [9] , [10] ).
The 0-Cockcroft property is usually just called Cockcroft. In practice, we usually take n to be 0 or a prime p. The Cockcroft and p-Cockcroft properties of monoids have received considerable attention in [2] . Also the subjects aspherical and combinatorial aspherical have studied in [2] , [3] , [7, Section 5] , [8] , [10, Section 7] and [11] which imply the Cockcroft and then p-Cockcroft properties.
One can find the definition of the efficiency for a monoid presentation P, for example in [1] and [2] . Recently the following result has been shown by S. Pride (unpublished).
Theorem 1.2 Let P be as in (1). Then P is efficient if and only if it is p-Cockcroft for some prime p.
Preliminary material 2.1 Semi-direct products of monoids
Let A, K be monoids and let θ be a monoid homomorphism
where End(K) denotes the collection of endomorphisms of K which is itself a monoid with identity id : K −→ K (see [5] for some examples of the monoid endomorphisms).
Then, by [2] , [12] , [15] , one can define the semi-direct product B of K by A (B = K θ A).
The elements of B are all ordered pairs (a, k) where a ∈ A and k ∈ K. Then it is easy to see that B is a monoid with the product (a, k)(a , k ) = (aa , (kθ a )k ) (see [2] , [12] for the details).
Let P A = [x ; r] and P K = [y ; s] be presentations for A and K respectively . For each y ∈ y and x ∈ x, let yθ x denotes a fixed positive word on y such that [
(yθ x is unique modulo s). Let T yx denotes the relator yx = x(yθ x ) and let t be the set of all relators of the form T yx (x ∈ x, y ∈ y). Then, by [12] , [15] ,
is a presentation for B. If W = y 1 y 2 · · · y m is a positive word on y then for any x ∈ x, we denote the positive word (
word on x then for any y ∈ y, we denote the positive word (· · · ((yθ x 1 )θ x 2 )θ x 3 · · · )θ xn ) by yθ U , and this can be represented by a monoid picture, say A U,y , as in Figure 1 (see also [2] ).
Trivialiser of the Squier complex D(P B )
In [15, Section 4] , paths in Squier graph Γ has been used to construct a trivialiser set of
where Γ is associated with P B . By [9] , since every monoid picture over P B can be represented by a path in Γ then the pictures will be used for a trivialiser set of D(P B ) (see [2] ) at the rest of paper.
Let X A and X K be trivialiser sets of D(P A ) and D(P K ), respectively.
there is a non-spherical picture, say B S,x , over P K with ι(B S,x ) = S + θ x and τ (B S,x ) = S − θ x . Note that, by the dependence on the choice of homomorphism θ x , there are various B S,x pictures which can be drawn.
Let R ∈ r, y ∈ y. Then we get non-spherical pictures A R + ,y and A R − ,y , respectively, as in Figure 1 . We should note that, these pictures consist of only T yx discs (x ∈ x).
Moreover, since [yθ
there is a non-spherical picture, say C y,θ R , over P K with ι(C y,θ R ) = yθ R + and τ (C y,θ R ) = yθ R − . We should also note that there are various C y,θ R pictures which can be drawn with the same reason as above. One can construct spherical monoid pictures, say P S,x and P R,y as shown in Figure 2 , by using the non-spherical pictures B S,x , A R + ,y , A R − ,y and C y,θ R (see [2] for the details).
Let C 1 = {P S,x : S ∈ s, x ∈ x} and C 2 = {P R,y : R ∈ r, y ∈ y}.
The proof of the following theorem can be found in [15] .
Theorem 2.1 Suppose that B = K θ A is a semi-direct product with associated presentation P B , as in (2). Let X A and X K be trivialiser sets of the Squier complexes D(P A ) and D(P K ), respectively. Then a trivialiser set of D(P B ) is
Let us denote the set (3) by X B .
Figure 2 3 The main theorem and its proof
Throught this section A, K will be denoted monoids with presentations P A = [x ; r] and
, respectively. Also P B will be denoted a presentation of the semi-direct product of K by A, as in (2), and X B denotes the union of the trivialiser sets X A , X K and the sets C 1 , C 2 , as in (3).
The main result in this paper is the following theorem.
Theorem 3.1 Let p be a prime or 0. Then the presentation P B , as in (2), is p-Cockcroft if and only if the following conditions hold.
(i) P A and P K are p-Cockcroft,
Proof. Since the trivialiser set X B contains the trivialiser sets X A and X K by Theorem 2.1, then we must have P A and P K are p-Cockcroft. This gives the condition (i).
Consider a picture P S,x (S ∈ s, x ∈ x) as in Figure 2 . It contains a single S-disc, some T yx (y ∈ y) discs and a single B −1
S,x subpicture. First of all, this single S-disc must be balanced by using the subpicture B −1 S,x which contains the remaining s-discs. Thus we must have
for all S 0 ∈ s. So the condition (iii) holds. Furthermore, we need to count the number of T yx (y ∈ y) discs in the P S,x picture. So, for a fixed y ∈ y, the exponent sum of
Thus the condition (ii) must hold.
Consider a picture P R,y (R ∈ r, y ∈ y) as in Figure 2 which contains the subpictures
R − ,y , C y,θ R and two R-discs. Note that, the exponent sum of the R-discs will be equal to zero for the picture P R,y , that is, we have exp R (P R,y ) = 1 − 1 = 0.
Let us consider the subpictures A R + ,y and A −1 R − ,y which consist of only T yx (x ∈ x) discs. We should note that, T yx (x ∈ x) discs are only contained in these subpictures, in the picture P R,y . Since the picture P R,y contains a single subpicture A R + ,y and single
Thus we must have
for all x ∈ x. So, the condition (v) holds. Also, let us consider the subpicture C y,θ R which consist of only the S-discs (S ∈ s). Thus we must have
for all S ∈ s, and this gives the condition (iv).
Conversely suppose that the five conditions (i)−(v) hold. Then, by using the trivialiser of the Squier complex D(P B ), it is easy to see that P B is p-Cockcroft where p is a prime or 0.
Hence the result. ♦
Some applications and examples
Throught this section same notation will be used as in the previous one.
Direct products
In this section we give necessary and sufficient conditions for the presentation of the direct products of the monoids A and K to be p-Cockcroft (p a prime or 0). We should note that in [1] , the authors did not get the efficiency (which is p-Cockcroft property by Theorem 1.2) of the direct products of monoids since the second homology of the direct product of monoids is not valid.
It is easy to see that the direct product corresponds to the case when θ is the trivial homomorphism A −→ End(K), a −→ id (a ∈ A). So, let us take
for all y ∈ y. Then, for x ∈ x, y ∈ y, the relator T yx becomes simply T yx : yx = xy.
Then the picture A U,y becomes the picture as shown in Figure 3 -(b).
By using (4), the subpicture B S,x becomes as in Figure 3 -(a) with ι(B S,x ) = S + and
Moreover, again by using (4), we have ι(C y,θ R ) = y and τ (C y,θ R ) = y (R ∈ r, y ∈ y),
for the subpicture C y,θ R . Then C y,θ R can be chosen to consist of a single y-arc and no discs.
Therefore, as a consequence of Theorem 3.1, we get the following result.
Theorem 4.1 Suppose that θ is the trivial homomorphism, and let p be a prime or 0.
Then the presentation P B , as in (2), is p-Cockcroft if and only if the following conditions hold.
(a) P A and P K are p-Cockcroft,
Proof. To prove this theorem, let us check the conditions of Theorem 3.1 hold. To make (i) holds, we definitely need P A and P K are p-Cockcroft. So, this also gives the condition (a). Clearly, the condition (ii) gives the condition (b). Moreover, the conditions (iii), (iv) obviously hold. Also it is clear that exp
. That is, exp x (R) ≡ 0 (mod p) which gives the condition (c).
Conversely suppose that the three conditions (a), (b) and (c) hold. Thus, by using the trivialiser of the Squier complex D(P B ), it is easy to see that P B is p-Cockcroft where p is a prime or 0. ♦ Let p be a prime or 0. Also let K be the monoid presented by P K = [y ; s], and let A be an infinite cyclic monoid generated by x. Then, by [2] , a presentation for the monoid K × Z + can be given by
As a consequence of Theorem 4.1 (so that Theorem 3.1), we have other entries are 0 (1 ≤ i ≤ n). Then, by [2] ,
is a presentation of Z + n .
Example 4.3
As an example of Corollary 4.2, let us prove by induction on n that the presentation P Z + n , as in (6), presents the monoid Z + n , and is Cockcroft.
• Let n = 1. Then we get Z + which is infinite cyclic monoid with a presentation
. Thus P 1 is aspherical, hence Cockcroft.
• Let us assume that P n−1 = [y 1 , y 2 · · · , y n−1 ; y i y j = y j y i (1 ≤ i < j ≤ n − 1)] is a presentation of Z + n−1 and that it is Cockcroft. Let y be the set of generators y 1 , · · · , y n−1 , let s be the set of relators y i y j = y j y i (1 ≤ i < j ≤ n − 1), and let x be the generator y n .
Then the set of relators y i y n = y n y i (1 ≤ i ≤ n − 1) becomes the set of relators t. Thus we have a presentation
Notice that the presentation P Z + n , as in (6) and P n are equivalent. To establish the Cockcroft property of P n , let us use Corollary 4.2.
By inductive hypothesis P n−1 is Cockcroft, so the first condition of the above corollary holds. Also, for all S ∈ s, y ∈ y, exp y (S) = 1 − 1 = 0 which gives the second conditions.
Thus, P n is Cockcroft, as required.
Semi-direct products of finite cyclic monoids
In this section we give necessary and sufficient conditions for the presentation of the semi-direct product of two finite cyclic monoids to be p-Cockcroft (p a prime). We note that some of the fundamental materials of the finite cyclic monoids can be found in [6] (see "Monogenic semigroups").
Let A and K be two finite cyclic monoids and then, by [2] , [6] , let P A = [x ; x µ = x λ ]
and P K = [y ; y k = y l ] be presentations of A and K respectively where l < k and λ < µ.
The proof of the following lemma can be found in [2] .
Lemma 4.4 Let K be the finite cyclic monoid with a presentation P K . Then a trivialiser set X K of the Squier complex D(P K ) is given by the pictures Figure 4 . 
as in (2), for the monoid B = K θ A where S : y k = y l , R : x µ = x λ and T yx : yx = xy i .
The picture B S,x becomes as in Figure 5 -(a), and then exp S (B S,x ) = i.
By [2] , there is also a monoid picture C y,θ R with ι(C y,θ R ) = y i µ , τ (C y,θ R ) = y i λ and
Also we have the picture A R + ,y (and similarly A R − ,y ) as in Figure 5 -(b) with 
As a consequence of Theorem 3.1, we have the following result.
Theorem 4.5 Let p be a prime. Suppose that K θ A is a monoid with the associated monoid presentation P B , as in (7). Then P B is p-Cockcroft if and only if
Proof. We will prove it by checking the conditions of Theorem 3.1 hold.
(i) By Lemma 4.4, trivialiser sets X A and X K of the Squier complexes D(P A ) and D(P K ) respectively, can be given as in Figure 4 . Thus it can be seen that P A and P K are p-Cockcroft (in fact Cockcroft), and then the condition (i) holds.
ii) exp y (S) = k − l so, for (ii) to hold, we must have p | k − l.
iii) To make (iii) hold, we need i ≡ 1 (mod p), so that p | i − 1.
iv) For the subpicture C y,θ R , we must have p |
, to make (iv) hold.
v) Also, to make (v) hold, we need
(mod p), by using the subpictures A R + ,y and A R − ,y . That is,
Conversely suppose that the conditions p | m, p | n, p | t m and p | t n hold. Then, by the meaning of X B , it is easy to see that P B is p-Cockcroft where p is a prime. Hence the result. ♦ Remark 4.6 As a consequence of Theorem 3.1, one can say that the monoid presentation P B , as in (7), is Cockcroft if and only if µ = λ, k = l and i = 1. However since we require [6] ) then this presentation can never be Cockcroft.
Example 4.7 Let k = 10, l = 6, µ = 4, λ = 2 and i = 3. Then we get
Hence p = 2 divides these all values and then, by Theorem 4.5, P B is 2-Cockcroft.
Similarly, by chosing k = 6, l = 2, µ = 5, λ = 3 and i = 3, we get
Example 4.8 Let p be any prime, and let
Then,
Since p divides m, n, t m and t n then, by Theorem 4.5, P B is p-Cockcroft.
Semi-direct products of one-relator monoids by infinite cyclic monoids
Let K be a one-relator monoid with presentation P K = [y ; S + = S − ], and let A be the infinite cyclic monoid with presentation P A = [x ; ]. Let ψ be an endomorphism of K as in the previous section. Then, by [2] , the mapping x −→ ψ induces a homomorphism θ : A −→ End(K), and then we have a presentation
as in (2), for the monoid B = K θ A where t is the set of relators T yx (y ∈ y). Notice that, since P A is aspherical then, by [10] , X A = ∅. Also, for the relator S, let us assume that ι(S + ) = ι(S − ) (or τ (S + ) = τ (S − )). So, by [7] , P K is aspherical, then X K = ∅.
Moreover, since r = ∅ then C 2 = ∅. Therefore X B = C 1 . Note that we have a single P S,x picture, as in Figure 2 -(a), in the set C 1 since K is a one-relator monoid.
As a consequence of Theorem 3.1, we have:
Theorem 4.9 Let p be a prime or 0, and let K be a one-relator monoid, with relator S say. Suppose that ι(S + ) = ι(S − ) (or τ (S + ) = τ (S − )). Let B be a semi-direct product of K by an infinite cyclic monoid A with associated presentation P B , as in (8) . Then P B is p-Cockcroft if and only if (a) exp y (S) ≡ 0 (mod p) for all y ∈ y,
Proof. Since P A and P K are aspherical and C 2 = ∅ then the conditions (i), (iv) and 
as in (8) , for the monoid B = K θ A as in (8), where S :
and T y 2 x : y 2 x = xy β 1 y β 2 , respectively. Note that, by [2] , the picture B S,x can be given by Figure 6 -(b).
In picture B S,x as in Figure 6 -(b), since we have αβ -times positive and α β-times negative
Thus, as a consequence of Theorem 4.9, it is easy to see that Corollary 4.11 Let p be a prime or 0. Let P B be as in (9) . Then P B is p-Cockcroft if and only if det M ≡ 1 (mod p). . We then get the presentation
as in (8) , for the monoid B = K θ A. By [2] , the picture B S,x can be given by Figure   6 -(a).
We then get the following result for the above example.
Corollary 4.13 Let p be a prime or 0. Let P B be as in (10) . Then P B is p-Cockcroft if and only if k ≡ 2 (mod p) and i ≡ 1 (mod p). . We then have a presentation
as in (8) , for the monoid B = K θ A. By [2] , the picture B S,x can be given by Figure   7 -(a).
Again, as a consequence of Theorem 4.9, we have Corollary 4.16 Let p be a prime or 0. Let P B be as in (11) . Then P B is p-Cockcroft if and only if ij ≡ 1 (mod p).
Proof. Again, let us check the conditions of Theorem 4.9 hold.
Since exp y 1 (S) = k − k = 0 and exp y 2 (S) = 1 − 1 = 0 then the condition (a)
holds. Also, since exp S (B S,x ) = ij then to make the condition (b) hold, we must have ij ≡ 1 (mod p) which gives the condition of the above corollary, as required. ♦ Example 4.15 (continued) One can choose i = 3 and j = 1 then P B is 2-Cockcroft, or i = j = 2 then P B is 3-Cockcroft.
Remark 4.17 It is clear that if i = j = 1 then P B is 0-Cockcroft. But as we said in Remark 4.14, the presentation P B becomes a presentation of the direct product K × Z + when i = j = 1 holds. Then, by Corollary 4.2, one can say directly the presentation P B is 0-Cockcroft. A similar example can be given as follows. 
as in (8) , for the monoid B = K θ A. Again by [2] , the picture B S,x can be given by Thus, as a consequence of Theorem 4.9, we get Corollary 4.19 Let p be a prime or 0. Let P B be as in (12) . Then P B is p-Cockcroft if and only if k ≡ 1 (modp) and i ≡ 1 (mod p).
The proof of this result is quite similar with the proof of Corollary 4.13. 
